MCKAY CORRESPONDENCE FOR ELLIPTIC GENERA 



LEV BORISOV AND ANATOLY LIBGOBER 

Abstract. We establish a correspondence between orbifold and singular el- 
liptic genera of a global quotient. While the former is defined in terms of the 
fixed point set of the action, the latter is defined in terms of the resolution of 
singularities. As a byproduct, the second quantization formula of Dijkgraaf, 
Moore, Verlinde and Verlinde is extended to arbitrary Kawamata log-terminal 
pairs. 



1. Introduction 

McKay correspondence was originally proposed in ||2^ as a relation between 
minimal resolutions of quotient singularities C^/G where G is a finite subgroup 
of 5*^2 (C) and the representations of G. Shortly after that, Dixon, Harvey, Vafa 
and Witten (cf. [|l2j) discovered a formula for the euler characteristic of certain 
resolutions of quotients: 

(1) e{X/G) = 4 E ^(^''') 

' ' gh=hg 

where X is a complex manifold, tt* : X/G X/G is a resolution of singularities 
such that TT*Kx/G = ^xJg' '^^ '^ submanifold of X of points fixed by both 

/ and g. The right hand side in (|l|) can be written as the sum ofver the conjugacy 
classes: X]{g} ^i-^^ l^id)) where G{g) is the centralizer of g which for X = C^ is 
the number of irreducible representations of G. At the same time, the other side in 
is the number of exceptional curves in minimal resolution plus 1 and one obtains 
McKay correspondence on the numerology level (cf. (l^). McKay correspondence 
became the subject of intense study and the term is now primarily used to indicate 
a relationship between the various invariants of the actions of finite automorphism 
groups on quasiprojective varieties and resolutions of the corresponding quotients 
by such actions generalizing ([l]) . We refer to the report |^ for a survey of evolution 
of ideas since original empirical observation of McKay. 

One of the main results to date on the relationship between the invariants of 
actions and resolutions of quotients is the description of the £'-function of a crepant 
resolution in terms of the invariants of the action (cf ||lO|)). We recall that for 
a quasiprojective variety M its E'-function is defined as 

E{M- u,v): = E u^v^ J2^-ir''''^^ciM)) 

o^q n 
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where h''''^ {H"{M)) are the Hodge numbers of the Dehgne's mixed Hodge structure 
on the compactly supported cohomology of M. i?-function incorporates many clas- 
sical numerical invariants of manifolds. For example, if M is a projective manifold 
and (it, v) = (y, 1) one obtains Hirzebruch's Xy-genus which in turn has topological 
and holomorphic euler characteristics and signature as its special values. 

In 1^ , Batyrev extended the definition of £^-function to the case of global quo- 
tient of a variety M by a finite group G. He defined the orbifold i?-function, 
Eorb{M, G; u, v) in terms of the action of a finite group G. Moreover, he extended 
this definition to G-normal pairs (M, D) that consist of a variety M and a simple 
normal crossing G-equivariant divisor Z? on it. Batyrev showed that the £'-function 
of the pair {M/G,D) consisting of a resolution M/G M/G and the divisor 
defined via the discrepancy D = K^^-^j^ — fJ-*{KM/G) (with trivial group action) co- 
incides with the orbifold iJ-function. The fact that £'-function of the pair doesn't 
change under birational morphisms, as well as an alternative proof of McKay cor- 
respondence for i?-functions are based on Kontscvich's idea of motivic integration 

(cf.[ii, i, 0, ii). ^ 

Another generalization of Hirzebruch's Xa"g6nus is the (two-variable) elliptic 
genus, and this paper grew from an attempt to prove the relationship between 
elliptic genera of resolutions of the quotients M/G and the elliptic genera associated 
with the actions of G on M. These two versions of elliptic genus of a global quotient 
were introduced in our previous paper Q where the McKay correspondence was 
stated as a conjecture. The proof given below, similarly to Batyrev's approach, 
requires a generalization of elliptic genera considered in to the elliptic genus 
associated with triples consisting of a manifold, the group acting on it and the 
divisor with simple normal crossings. 

Elliptic genus was extensively studied in recent years (cf. 12^, ll^, |p7|. 



30 1 [|6|, Q and further references in the latter). For an almost complex compact 
manifold X with Chern roots Xi (i.e. the total Chern class is 0(1 + ^0) the elliptic 
genus can be defined as 

(2) Ell{X;z,r)= f J] ^» -7 



where 

l—oc 

eiz,T)^q^2sm7:z)l[il-q')l[il-q'y)il-q'y-') 



1= 



■ oo 



1=1 1=1 

27rir 



is the classical theta function (cf. [^) where y — e^^'^, q — e 
Alternatively, the elliptic genus can be written as 

(3) EII{X;z,t)^ [ ch{ZLL^^r)td{X) 

Jx 



where 



y 2 



Here Tx (resp. T^) is complex tangent (resp. cotangent) bundle and as usual for 
a bundle V, AtiV) = and StiV) = ^ - S'?/m*(y)f^ denote generating 

functions for exterior and symmetric powers of V (by Riemann Roch this is also the 
holomorphic Euler characteristic of ELLz^t)- Elliptic genus of a projective manifold 
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is a holomorphic function of {z,t) G C x 5{. Moreover, if ci{X) — then it is a 
weak Jacobi form (of weight and index , see [|| or earher references in [||). 

Since y~ '''"^ x-y{-X) = liniq^o Ell{X; z,t), Hirzebruch's Xy-genus is a special- 
ization of the eUiptic genus (and so are various one variable versions of elliptic genus 
due to Landweber-Stong, Ochanine, Witten and Hirzebruch). On the other hand, 
elliptic genus is a combination of Chern numbers of X, as is apparent from (^, 
but it cannot be expressed via Hodge numbers of X (cf. |]l9), |^). Therefore the 
information about elliptic genera of resolutions of X/G cannot be derived from cor- 
responding information about _B-function, though it can be done for specialization 
g — ^ of the elliptic genus. Since elliptic genus depends only on the Chern num- 
bers, it is a cobordism invariant. Totaro ||30| found a characterization of the elliptic 
genus of S'C/-manifolds from the point of view of cobordisms as the universal 
genus invariant under classical flops. 

A major difference between elliptic genus and i?-function is that the latter is 
defined for quasiprojective varieties. Unfortunately, we don't know if a useful defi- 
nition of elliptic genus can be given for arbitrary quasiprojective manifolds. More- 
over, while i?-function enjoys strong additivity properties there appears to be no 
analog of them in the case of elliptic genus. Additivity allows one to work with 
i?-functions not just in the category of manifolds but in the category of of arbitrary 
quasiprojective varieties. Nevertheless, in (extending a definition of elliptic 
genus for some singular spaces was proposed as follows. Let AT be a Q-Gorenstein 
complex projective variety and tt : Y X he a, resolution of singularities with the 
simply normal crossing divisor \JEk,k = 1, . . . , r as its exceptional locus. If the 
canonical classes of X and Y are related via 

(4) Ky =T:*Kx + J2akEk, 

then 

(5) 

aHx...,:^X(n '^::^a;r"o -(n.,a-.M-K..,.,. 

is independent of a resolution tt (here Ck are the cohomology classes of the compo- 
nents Ek of the exceptional divisor and yi are the Chern roots of Y) and depends 
only on X. EIIy{X; z,t) was called singular elliptic genus of X. When g ^ 0, 
singular elliptic genus specializes to the singular Xj,-genus calculated from Batyrev's 
i?- function. We refer the reader to for further discussion of this invariant. 

On the other hand, for a finite group G of automorphisms of a manifold X, an 
orbifold elliptic genus was defined in in terms of the action of G on X as follows. 
For a pair of commuting elements g,h G G, let X^'^ be a connected component of 
the fixed point set of both g and h. Let TX\x!,.h = ®V\, \{g), \{h) e Q n [0, 1) be 
decomposition into direct sum, such that g (resp. h) acts on V\ as the multiplication 
by e^'^'^^s) (resp. e^'^'^C')). Then 

(6) Eorb{X,G;z,T) = 

I ^ gh=hg X(g)=X(h)=0 X ^ 27ri ^ V J J 

In [0 it was conjectured that these two notions of elliptic genus coincide. More 
precisely (cf. Conjecture 5.1, ibid), let X be a nonsingular projective variety on 



(Jf.)0(f. - z)e'{0)^ /-pr 0(|fe - (a, + l)z)0i-z) 
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which a group G acts effectively by biholomorphic transformations. Let /i: X ^ 
X/G be the quotient map and D = "^{vi — l)Di be the ramification divisor. Let 



r, -at \ \ dim X 



Then 

(7) ElhrbiX, G; z, t) = Ell{X/G, A^/g; ^, r) 

where ehiptic genus of the pair Ell{X/G, Ax/g] ^^t) is defined by (||) but with 
discrepancies ak obtained from the relation 

Ky = n*{Kx/G + Ajf/c) + E "'-^^'^ 

rather than the relation (^). 

The main goal of this paper is to prove the identity (0) which we accomplish 
in Theorem 5.3. One of ingredients of the proof is systematic use of the "hybrid" 
orbifold elliptic genus of pairs generalizing both singular and orbifold elliptic genera. 
It is defined as follows. Let {X, E) be a Kawamata log-terminal pair (cf. |^ and 
Section ||). Let X support an action of a finite group G such that [X^E) is a 
G-normal pair (cf. Q and Section ||). In addition to notations used in the above 
definition (||) of the orbifold elliptic genus, let ek{g),ek{h) G Qn [0,1) be defined 
as follows. If Ek does not contain X^''^ then they are zero and if X^'^ C E^ then g 
(resp. h) acts on 0{Ek) as the multiplication by e^'^'^*^^^ (resp. e^^*^'^^). Then we 
define (cf. Definition |3.2| ): 

(8) aiorb{X,E,G;z,T):^^^ ^ 11 



n 



g,h,gh=hg X<3-h A(g)=A(/i)=0 



[^^+\{g)-T\{h)) 



n 



(tl + gfc(.9) - ^k{h)T - {6k + l)z) e{-z) 2.iS,eMz 

-k 0{^^+ek{g)~ek{h)T-z) 0(-(4 + l)z) 

If G is trivial, this expression yields the elliptic genus (^) if i? = and the 
version of (^) for pairs as described earlier for arbitrary E. On the other hand, 
if G is non-trivial but _E = 0, then one obtains (H). Moreover EUorbiX, E,G) for 
q ^ specializes into Batyrev's Eorb{X, E, G; y, 1) (cf. Q). Thus defined orbifold 
elliptic genus of pairs is birationally invariant (cf. Section |^). In fact, we show 
that the contribution of each pair of commuting elements in the above definition is 
invariant under the blowups with normal crossing nonsingular G-invariant centers 
which allows us to show that the contribution of each pair (17, h) is a birational 
invariant. 

Second main ingredient of the proof is the pushforward formula for the class in 
(||) for toroidal morphisms. Finally, we use the results of |^ to show that X — > X/G 
can be lifted to a toroidal map Z ^ Z so that in the diagram 

Z ^ Z 

I I 
X X/G 

the vertical arrows are resolutions of singularities. 
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As was already pointed out, singular (resp. orbifold) elliptic specializes into some 
known invariants of singular varieties (resp. orbifolds). The simplest corollary of 
our main theorem is obtained in the limit q = 0, y = 1. We see that if X/G 
admits a crepant resolution of singularities (i.e. such that in (^, one has ak — for 
any k) then the topological euler characteristic of a crepant resolution in given by 
DHVW formula (|). While previous proofs of this relation were based on motivic 
integration (cf. |E;|, the proof presented here uses only birational geometry 

(but depends on |i] and [^). Moreover, all the results for E{u, 1) in quasiprojective 
case also get an alternative proof, independent of motivic integration. 

Another corollary is the further clarification of a remarkable formula due to 
Dijkgraaf, Moore, Verlinde and Verlinde. It was shown in that 



(9) P"Ellort{X^/^n; ^r)=l[l[ — 



n>Q i=l l,m ^ F y H J 



where !]„ is the symmetric group acting on the product of n copies of a manifold X 



such that Ell{X) = ^ c(m, l)y^q"\ A formula of such type was first proposed in 



11 1 . The main theorem of this paper shows that orbifold elliptic genus in (^) can 
be replaced by singular elliptic genus. While for general X it is not clear how to 
construct a crepant resolution of the symmetric product (or other kind of resolution 
leading to a calculation of the singular elliptic genus) in the case dim X = 2 it is well 
known that Hilbert scheme X^") of subschemes of length n in X yields a crepant 
resolution. A corollary of the main theorem is the the following: 

Corollary |6.7|. Let X be a complex projective surface and X'") be its n-th 



Hilbert scheme. Let J2m i cijn, l)y be the elliptic genus of X. Then 

E p'-mx^-h = ft n n - ^Ja-Y^^^ ■ 

n>0 4=1 Lm ^ y 'i J 

This is a generalization of results due to Gottsche on the generating series of 
Xy-genera of Hilbert schemes (cf. [^) which one obtains for q = 0. In fact in 
this paper a substantial generalization of (^ is proposed. We are able to extend 
DMVV formula to symmetric powers of log-terminal varieties and, more generally, 
to symmetric powers of Kawamata log-terminal pairs. 

The paper is organized as follows. In Section|2| we recall the concept of Kawamata 
log-terminal pairs, to the extent necessary for our purposes. Section ^ contains our 
main definition of the orbifold elliptic genus of a Kawamata log-terminal pair. We 
prove that it is well-defined, for which we use the full force of the machinery of ||l| . 
In Section ^ we introduce toroidal morphisms between pairs that consist of varieties 
and simple normal crossing divisors on them. Our main result is the description of 
the pushforward and puUback in the Chow rings in terms of the combinatorics of 
the conical polyhedral complexes. In the process we use some combinatorial results 
related to toric varieties, which are collected in the Ap pendix ^. In Section ^ we 
apply these calculations to prove our main Theorem |5.3| . In Section ^ we generalize 
the second quantization formula of [ pl]| to the case of Kawamata log-terminal pairs. 
Various open questions related to our arguments are collected in Section |^. 

The authors would like to thank Dan Abramovich for helpful discussions and the 



proof of important Lemma 5.4. We also thank Nora Ganter whose question focused 



our attention on the problem of defining orbifold elliptic genera for pairs. 
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2. Kawamata log-terminal pairs 

In this section we present the background material for Kawamata log-terminal 
pairs which are a standard tool in minimal model program. Our main reference is 




Proposition 2.1. |2^, Definition 2.25, Notation 2.26] Let {X,D) be a pair where 
X is a normal variety and D = UiDi is a sum of distinct prime divisors on 
X. We allow ai to be arbitrary rational numbers. Assume that m{Kx + D) is 
a Cartier divisor for some m > 0. Suppose f:Y—>Xisa birational morphism 
from a normal variety Y . Denote by Ei the irreducible exceptional divisors and the 
proper preimages of the components of D. Then there are naturally defined rational 
numbers a{Ei, X, D) such that 

Ky = f*{Kx+D) + Y,a{E,,X,D)E,. 

Ei 

Here the equality holds in the sense that a nonzero multiple of the difference is a 
divisor of a rational function. The number a[Ei, X, D) is called the discrepancy of 
Ei with respect to (X,D) and it depends only on Ei, but not on f. By definition 
a{Di, X, D) — —Oi and a{F, X, D) = for any divisor F <Z X different from all 

A. 

Remark 2.2. In the notation of the above proposition, we will often call the pair 
(y, — a{Ei, X, D)Ei) the pair on Y that corresponds to {X, D) or the puUback 
of (X, D) by /. It is easy to see that for any birational morphism g: Z ^ Y from 
a normal variety Z the puUback by g of the puUback of (X, D) by / is equal to the 
puUback of {X, D) by f o g. 

Definition 2.3. We call a morphism f : Y ^ X from a nonsingular variety F to a 
normal variety X a resolution of singularities of the pair {X, D) if the exceptional 
locus of / is a divisor with simple normal crossings, which is additionally simple 
normal crossing with the proper preimage of D. Every pair admits a resolution, 
see Theorem 0.2]. 

Definition 2.4. A pair {X, D) is called Kawamata log-terminal if there is a reso- 
lution of singularities f : Y X oi {X,D) such that the pullback (Y, — J^i'^i^i) 
satisfies ai > —1 for all i. 

Remark 2.5. It is easy to see that our definition of Kawamata log-terminal pair 
coincides with |2|, Definition 2.34] in view of (22[ Corollary 2.31]. This corollary 
also implies that any resolution of singularities of a Kawamata log-terminal pair 
satisfies the condition > — 1 for all i. 

We will also need to describe the behavior of Kawamata log-terminal pairs under 
finite morphisms, in particular under quotient morphisms. We will use the following 
result. 

Proposition 2.6. ||2^, Proposition 5.20] Let g: X' ^ X be a finite morphism be- 
tween normal varieties. Let D' and D be Q- Weil divisors on X' and X respectively 
such that 

K'x+D' = g*{Kx+D). 
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Then K'^ + D' is Q-Cartier if and only if + D is. Moreover, {X\ D') is Kawa- 
mata log-terminal if and only if (X, D) is. 

Definition 2.7. Let G be a finite group which acts effectively on a normal variety 
X and preserves a Q-Weil divisor D. Let g: X ^ X/G be the quotient morphism. 
Then there is a unique divisor D /G on X/G such that 

g*{Kx,G + D/G)^Kx+D. 

The components of D /G are the images of the components of D and the images of 
the ramification divisors of /. We call the pair {X/G, D/G) the quotient of {X, D) 
by G. By the above proposition, the quotient pair is Kawamata log-terminal iff 
{X, D) is Kawamata log-terminal. 

We remark that this definition is contained in in the particular case of a 
smooth variety X and trivial divisor D. It allows us to generalize the definition of 
the pullback of a pair to the case of G-equivariant morphisms as follows. 

Definition 2.8. Let g: X' ^ X he a. generically finite morphism from a normal 
G-variety X' to a normal variety X which is birationally equivalent to the quotient 
morphism f : X' ^ X' /G. We say that a pair {X',D') is a pullback of a pair 
{X, D) if the pullback of {X, D) to X' /G coincides with the quotient of (X', D') by 
G. Just as in the birational case, this pullback preserves Kawamata log-terminality. 

3. Orbifold elliptic genera of pairs 

Definition 3.1. Let X be a smooth manifold with the action of a finite group 
G. Let be a G-invariant divisor on X. The pair {X,E) is called G-normal if 
Supp{E) has simple normal crossings and for every point x E X the action of the 
isotropy subgroup of x on the set of irreducible components of Supp{E) that pass 
through X is trivial. 

We will extensively use the theta function 9{z,t) of [H. By default, the second 
argument will be r. We will suppress it from the notations, unless it is different 
from T. We will implicitly assume the standard properties of 9, namely its zeroes 
and transformation properties under the Jacobi group. 

Definition 3.2. Let {X, E) be a Kawamata log-terminal G-normal pair with E = 
— "Ylik^kEk. We define orbifold elliptic class of the triple {X,E,G) as an element 
of the Chow group A, (X) by the formula 

UIoAX,E,G;z,t):^^ ^ 11 ^0 

„ g(|^ + A(g)-rAW-z) 
11 e{§^^+\{g)-T\{h)) 

y 0{j^,+e,{g)-e,{h)r~z) 9{-{S, + l)z) 

Here X^''^ denotes an irreducible component of the fixed set of the commuting 
elements g and h and [X^'''] denotes the corresponding element of A^,{X). The 
restriction of TX to X^'^ splits into linearized bundles according to the ([0, 1)- 
valued) characters A of {g,h), see [Q. In addition, Ck — ci{Ek) and ek is the 
character of 0{Ek) restricted to X^''^ if Ek contains X^''^ and is zero otherwise. 



8 



LEV BORISOV AND ANATOLY LIBGOBER 



We define orbifold elliptic genus Ellorb{X, E,G) of {X,E,G) as the degree of 
the top component of the orbifold elliptic class £.llorb{X, E,G). 

Remark 3.3. Notice that in the particular cases of \G\ = 1 and E = Q the above 
definition restricts to that of the singular elliptic genus (up to a normalization 
factor) and orbifold elliptic genus, see However, the notion of orbifold elliptic 
class appears to be new. 

Remark 3.4. The Kawamata log-terminality assures that we never divide by zero 
in the above formulas. 

Our first goal is to show that orbifold elliptic class is compatible with blowups. 

Theorem 3.5. Let (X,E) be a Kawamata log-terminal G-normal pair and let Z 
be a smooth G-equivariant locus in X which is normal crossing to Supp{E). Let f : 
X ^ X denote the blowup of X along Z . We define E by E = — SkEk—SExc{f) 
where Ek is the proper transform of Ek and 6 is determined from K-^ + E = 
f*{Kx + E). Then {X, E) is a Kawamata log-terminal G-normal pair and 

fMlorbiX, E, G- z, r) = niorb{X, E, G; z, r). 

Proof. It is clear that {X, E) is Kawamata log-terminal. Because of the normal 
crossing conditions on Z and Supp{E), the divisor Supp{E) has simple normal 
crossings. The G-normality is clearly preserved since the exceptional divisors do 
not intersect and any intersection of Ek on X induces an intersection of Ek on X. 

Wc will prove the theorem by showing that for every pair (g, h) and every con- 
nected component X^'^ the contributions to f^,Ellorb{X , E,G; z,t) of connected 
components X^''^ such that f{X^''^) C X^''^ equals the contribution of X^''^ to 
EllorbiX, E, G; z, r). So from now on g, h and X^'^^ are fixed. 

The set of connected components of the fixed point set of {g, h) that maps inside 
X9'^ is described as follows. Let Z^''^ denote the intersection of X"''* and Z. Since 
Z is G-equivariant, the intersection is a union of some connected components of 
(g, /i)-invariant points of Z. Locally at every point of the intersection, Z and X^^'* 
intersect normally, since the normal spaces to Z^'^ inside Z and X^^^ have different 
characters. For simplicity, we assume that Z^'^ is connected, and we will remark 
later on the general case. 

If X^''^ 7^ Z^''^ then one of the X^'^ will be obtained as the proper preimage 
of X^''^ under / and will be isomorphic to the blowup of X along Z^'^ . Other 
components will lie in the preimage of Z^'^ and are described as follows. The 
restriction of the normal bundle to Z in X to Z^'^ splits into character subbundles. 
For each character A the projectivization of the corresponding bundle over Z^^'' is 
naturally embedded into the preimage of Z^^'' under / (which is the projectivization 
of the whole normal bundle to Z restricted to Z^''^). 

We first concentrate on the case X^''^ ^ Z^-^ . 

Let A^i be the subbundle of the normal bundle to Z^-^ in X that is the image 
of the normal bundle of Z^'^ in Z. Let X^ be the subbundle of the normal bundle 
to Z^-^ that is the image of the normal bundle of Z^-^ in X^'''. Finally let's iVs be 
the quotient of NZ^'^ by the sum of Ni and N2. The transversality implies that it 
is also a bundle, i.e. the rank of the fibers is constant. 

Let us calculate the contribution to f^,£.llorb{X , E, G; z, r) that comes from Xq''^, 
which is the proper preimage of X^''*, provided N2 7^ 0. As in 0, we make a 
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technical assumption that all bundles we consider are restrictions of some bundles 
defined on X. The calculation follows closely those of 0. We have 



ciTX)=cirTX)il + z)Yl 



(1 + /*TO, -z) 



^^ (1 + f*m,) 

where z is the first Chern class of the exceptional divisor of / and + rrii) is 

the Chern class of the bundle on X whose restriction to Z is the normal bundle of 
Z in X . Similarly, 

where z and / are restrictions to Xq''' (mild abuse of notation) and ]^ .(1 + Si) 
restricts to c{N2) on Z^'^. 

So the Chern class of the normal bundle to Xq''' is 

c{NX^''^) = c(riVX«^'')n^ii±0^ 

where + ti) restricts to c(A^3) on Z^^'K 

We will also need to know how Ei change. For Ei that do not contain Z we have 
E^ — f*Ei, and for Ei that contain Z we have Ei = f*Ei - Z. 

As a result, the contribution of Xq'^ to E.llorb{X, E, G; z, r) is 

UL f)(^^ 11 



0(^ + A,(5)-A,(/i)r) 
TT ^(^ + A.(g)-A.(/^)r-z) ^,,,,,,,,, 
liA.3 0(/:^ + A,(5)-A.(/»)r) 



X 



^TT + ^^(g) - ^rih)T - {6, + 1)Z) e{-z) ^^,s.e.(H). 

li-E DZ e^fllLzl + e,{g) - edh)T - z) e{-{S, + l)z) 

^TT eiQ^+e.ig)^e,{h)r-{S, + l)z) 9{-z) ^^.iS^eM. 
i-i-Eaz e{i^ + e,{g) ^ e,{h)T ~ z) e{-{5i + l)z) 



■-2m 



{5 + i)z) e{-z) 



In the above formula first two lines account for the tangent bundle to Xq'^, next 
two lines account for the normal bundle to it, and the remaining three lines account 
for the divisors. We use the notation to indicate the product over the Chern 

roots of the corresponding bundle. Notice the normalization factor in the second 
line. 

As in 0, we rewrite the above expression as a power series X)n ^n"^" ™ ^■ 
Clearly, /*i?o is precisely the contribution of the X^'^ to £,llorb{X, E,G; z,t). If 
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we denote r = rkN2, we have = i*(s„(i*A?'2))(— 1)""'"'""^ where is the 

pushforward from Z^'^ to X^'^. We can therefore rewrite the contribution of f*R>o 
as 

[Zs^^] s„(rAr2)(-l)"+''-i(Coeff. at 5''+")(above expression). 

n>0 

Taking into account 

j:s^eN,i-irt-- = —^ — -, 

„>o lljv,(*-"*) 

we can rewrite this as 

m — 
27ri 



-iU ^(^+A,(5)-A,(/.)r) ^^^^ 



0(/:ii^ + A,(5)-A,(;i)r) 
i-lE.3Z e{i^^ + e,{g) - e,{h)T - z) e{-{5i + l)z) 

^TT ^(iT + ^^(g)-^^W^-('^^ + i)^) e{-z) 

We will denote the expression above by F{t), to be thought of as a meromorphic 
function on C with values in the Chow group A^{Z^'^). 

Let's now calculate the contributions from other components X^'^ that map 
inside X^'^. As we have discussed earlier, these components correspond to non- 
trivial characters A that are present in A^s. We want to find normal and tangent 
bundle of Xff^ = FN\ inside X. The Chern class of the tangent bundle can be 
described as the restriction from X of 

so the normal bundle has the Chern class which is a restriction of 
(1 + 2)17 (l+/*n,)TT , {l + f*ni-z). 

Therefore, the contribution of X^^ to ZUorhiX^ E, G) is 

^ ^^2T:\e{-~z)^^NA 6>(-^"'^;r^) i-i-TZ9,h e{^) 

,, ^(2li+A(g)-A(Mr-^) ^2.iAW.-rT + A.(g) - A,(/.)r - z) 

e{i-,+m-mr) ^^^^ e{i^ + Ug)-K{h)r) 

^TT + - A)(.9) - - mh)r ^) ^2.ia.-AK.U 

^^NM/N, 0{£^ + (A, - A){g) - (A, - A){h)T) 

^TT + - A)(g) - (e. - A)(fe)r - {6i + l)^)g(-^) ^2.i..fa_A)w, 

+ (ei - A)(5) - (e, - A){h)r - ^)^(-(5, + 1)^) 
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^ + e,{g)-e,{h)T-{5, + l)z) e{^z) ^2.i5,..W- 



TT 



K{g)-mT-{5 + l)z) e{-z) ,^,sMHU 
+ k{g) - A{h)T - z) e{-{6 + l)z) 



Here we used the fact that the hne bundle G{Z) has character A on X^''*. We again 



A 

expand the integrand in terms of powers of z and use = s„(A'a)(— 

where I — rk{N\), to rewrite the pushforward to X of the above as 



(-l)i?est=o[^^'1 



{2^i)e{^+K{g)-K{h)r)e{-{5 + l)z) 



^ 2m 



lU e{l^^\{g)-\dh)T) 

,TT ^(^+A(g)-AWr-z) ^„,.iA(,,, 

e{l^+K{g)-K{h)T) 
^ + (A, - A)(ff) - (A. - A)(fe)r - 



= n^3 0(/:Ii^ + (A,_A)Cg)-(A,-A)(/^)r) 



+ (^^ - A)(g) - (e. - A)(Mr - [5, + l)^)g(-^) ^2.i.,(,,_AHM. 
^'^^^(t + - A)(5) - (e, - A)(Mt - + 1)^) 



> 27ri 

which can be rewritten as 



+ ^^(g) ^ ^^(Mr - {5^ + l)^)g(-^) 
E.^z e{Il^ + - e.{h)r - z)6{~{5i + l)z) 



(-l)i?eSt^A(g)-A(h)r-F'(0 

because the additional exponential factors cancel due to (5 = oz + 'rk{N2) + 
rfc(^3) - 1. 

So in the case X^^'' ^ Z^^'' all we need is to show that 

Rest=aF{t) + ^ Rest=A(g)-A(h}rF{t) = 0. 
A 

This follows from the observation that F is periodic with respect to t t + 2ti\ 
and t ^ t + 27riT and has poles at and K{g) — A(/i) only. Indeed, the periodicity 
is a corollary of the transformation properties of 6 and the definition of 5. The 
statement on poles follows from the fact that for every Et D Z the theta function 
in the denominator is precisely offset by of the theta functions in the numerator. 
Indeed, in view of the normal crossing condition on Supp{E) and Z , each Ek gives 
a quotient bundle of the normal bundle to Z and the sum over all E^ is (locally) 
a quotient of N2 © N^^. As a result, efe is a Chern root of N^^ or N2 depending on 
whether or not Ej. contains X^'^ . 

As in , we remark that we can ignore the assumption that come from bun- 
dles on X, because the expression for F{t) makes sense without it and deformation 
to the normal cone can be used in general. We also observe that in the case when 
Z^''* has several connected components, the above calculation shows that the con- 
tributions of the components, other than Xq'^ to f^,tllorb{X, E, G; z, r) cancel the 
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/»i?>o contributions of the connected component Xq''' . The /*i?o contribution of 
Xq''' is again the contribution of X^''^ to Ellorb{X, E, G; z, r). 

The case X^''^ = Z^'^ is handled similarly. This time, the contributions to 
EII{X,E,G;z,t) equal 

- / y2 Rest=A{g)-A(h)rFit) = / Rest=oF{t) 

which is precisely the contribution of X^^'^ to Ell{X, E,G; z,t). Indeed, since 
N2 — 0, and no divisor Ei that contains Z can have e = 0, F{t) has a simple pole 
at t — and the residue is easy to calculate. □ 

We will now use the invariance under blowups to define the orbifold elliptic genus 
and orbifold elliptic class for an arbitrary G-equivariant Kawamata log-terminal 
pair. 

Definition 3.6. Let {Z, D) be an arbitrary G-equivariant Kawamata log-terminal 
pair with no additional conditions on its singularities. Let tt : X — > Z be a G- 
equivariant resolution of singularities of {Z,D), such that the corresponding pair 
{X, E) is G-normal. Then the orbifold elliptic class of {Z, D) in A^{Z) is defined as 
the pushforward tt* of the orbifold elliptic class of {X, E) and the orbifold elliptic 
genus of {Z, D) is defined as the orbifold elliptic genus of {X, E) or alternatively as 
the degree of the orbifold elliptic class. 

Clearly, this definition does not make sense unless we can prove that it does not 
depend on the resolution tt. 



Theorem 3.7. Definition 3.6 makes sense, that is the pushf or wards of the orbifold 



elliptic classes do not depend on the resolution of singularities. 

Proof. In view of Theorem |3.5| , it is enough to show that any two G-normal res- 
olutions of singularities and {X+,E+) of {Z,D) can be connected by a 
sequence of equivariant blowups and blowdowns among G-normal resolutions of sin- 
gularities of (Z, D). This is a G- normality strengthening of the equivariant version 
of the Weak Factorization Theorem of Q . The equivariant version itself assures that 
such sequence of blowups and blowdowns exists in the category of simple normal 
crossing G-equivariant divisors E. 

In order to get G-normality, observe that for every simple normal crossing G- 
equivariant divisor E on smooth X there is a canonical sequence of blowups that 
makes the preimage G-normal. Namely, this is the toroidal morphism that corre- 
sponds to the barycentric subdivision of the corresponding polyhedral complex (see 
Section 5.6 of In the notations of Section 4.3 of 0], we apply this procedure 
in the definition of W[^^. Then the additional sequences of blowups ri± preserve 
G-normality and the statement is reduced to the case of the toroidal birational map 
^pcan^ The group G acts by interchanging the vertices of the polyhedral complexes 
A± of Wf^^ . We apply the barycentric subdivision blowup to both of them, and 
then observe that all intermediate varieties in the toroidal version of weak factor- 
ization have G-normal divisors. Indeed, each of them comes from a subdivision 
A of i?A_|_ or i?A_, where B stands for barycentric subdivision, and we assume 
the former with no loss of generality. If a cone G in A maps to itself by some 
group element g € G, then the same is true for the smallest cone G+ in i?A_|_ that 
contains its image. However as observed in Section 5.6 of Q, this implies that g 
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acts trivially on the span of C*, hence on C. This implies G-normality, since every 
fixed point of g comes from a stratum that corresponds to some cone of A. □ 

Remark 3.8. The Weak Factorization Theorem also works in the category of G- 
strict divisors, defined by the condition that the translates of every irreducible 
component of E are either equal or disjoint. Indeed, the above argument works, 
since G-strictness is preserved under normal crossing G-equivariant blowups with 
smooth centers and the barycentric subdivision assures G-strictness, not just G- 
normality. 

Remark 3.9. It is clear from the definition that the orbifold elliptic genus of a 
log-terminal G- variety is unchanged under equi variant crepant morphisms. 

Remark 3.10. The arguments of this section clearly show that the contribution 
of each pair {g, h) of commuting elements of G to t he o rbifold elliptic class and 



genus is well-defined. Indeed, in the proof of Theorem |3.5| each pair was considered 
separately. 

Remark 3.11. Orbifold elliptic genus for the product of triples {Xi, Ei,Gi) and 
{X2, £2,02) equals the product of elliptic genera. The product of the triples is 
defined as the product of the varieties, the sum of the puUbacks of the divisors and 
the direct product of the group actions. 

We observe that our definition of orbifold elliptic genus is compatible with the 
definition of the orbifold string i5- function of Eorb{X, E, G) of 1^ in the sense that 
the limit of orbifold elliptic genus as r — > ioo recovers the orbifold string function 
analog of the Xy-genus. For this, we will need the following easy lemma. 

Lemma 3.12. Let X he a complete stratified G-variety with at most quotient singu- 
larities such that the action ofG is effective and free and preserves the stratification. 
Let Xi be any stratum of X and let Gi be a subgroup of G that maps Xi to itself. 
Then 

Xy{Xi/Gi) = j^^XviX,). 

Proof. We will argue by induction on the dimension of the stratum. In dimension 
zero the freeness of the action implies |Gi| = 1 and Xy{Xi/Gi) — Xy(Xi) — 1. For 
the induction step, it is enough to assume that Xi = X and X is connected. It is 
easy to see that the induction assumption allows us to consider Xi to be a part of a 
nonsingular locus of X. After an equivariant desingularization, we may assume that 
X is smooth and Xi is the open stratum. Notice that desingularization preserves 
the freeness of the action, which implies 

1 



XyiX/G) - J^^XyiX). 

By additivity of Xyj we can split the above identity according to the contributions 
of the strata. Each stratum Yi in X/G is a quotient of a stratum Y in X. If 7J is a 
subgroup of G that fixes Y, then there are |G : H\ disjoint strata of X that map to 
Yi. By induction assumption, XyiYi) = jTr\Xv{Y) = j^^lgY} XyigY) where the 
sum is taken over the cosets of H. Consequently, the terms corresponding to smaller 
dimensional strata cancel, which finishes the proof of the lemma. We remark that 
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the statement generally fails for free actions on the noncomplete varieties. It is 
crucial that the action stays free on the completion of the stratum. □ 

Proposition 3.13. Let Eorb{X, E,G;u,v) be defined as in §]. Then 
lim ElLrbiX,E,G;z,T)^y-^E,rb{X,E,G;y,l) 

T — noo 

where y — e^'^'^ . 

Proof. From the product formula for 6, see we have 

r^ioo 9{u 

and 



um ^ — — — „ . , — e 

r^ioo 6{u,t) (l-e-2'r'") 



lim = e-'/' 

T^ioo 0(u — ar, T) 

for < a < 1. Hence, by taking the limit in Definition p]3 



\im EUorb{X,E,G;z,T) = -^ E E/ 11 

r— ncxD G- ^ — ' ^ — ' Jxg-h 



g,h,gh=hg Xn.'^'' \(g) = \(h)=0 ^ ' 



^ g-7ri(dimX)Zg27ri(i:^ A(/i))z 



n 

A(/0=0,A(g)#0 



(^l _ Q--X),-2m\{g)+2mz-^ 
(1 _ Q-xx-27Ti\(g)^ 



(^l _ g-efc-27riet(g)+27ri((5fc + l)z^ ^-|^ _ gZiriz^ 
(I _ e-efc-27ri£fc(g)+27riz) JY^T^^i^KS^+T)!) 

(1-e^-'-) 
11 f2 - e2'^'(*'»+i)^') 



dim X 



g^h.gh=hgxg-^''^'-'' 

c/i(A_iiVi,,,^^,(5)) ^-l^i^^ (1 „e— 11 (1 _ ySk+iy 

Here X^, E) is the same weight as defined in [|| , for the irreducible component 
X^ of the fixed point set of h that contains X^'^. We have also used 

ch{K^yn\, I;,,,. (5)) = n (1 - e--^-2-^^(«)+2--) 

A(/i)=0 

and 

A(/i)=0,A(g)#0 

We use a trick to rearrange the product over E^ 'JlX^ as follows. 

lim EllorbiX,E,G;z,T) 



dim X 

y 2 



X 



/■ Yg.h.,wt(h,X'',E) ch{K_y9}^^ \x9.h (ff)) 

1^1 g^nhnghJ--^ ^ ^ cMA-iiVi..,,J 

TT / (j/-/'=+l)(l-C-'^''-^"^^(g)) X -pr (j/ - 1) 

11 V (y^k+l -l)(l^ye-ek-2^iek(g)\) 11 (y^k + l - l) 



MCKAY CORRESPONDENCE FOR ELLIPTIC GENERA 15 

dim X 



2/ 



g,h,gh=hg X9,h j(zi{Xh)-' ^^'"'^^J 

Here the set J(X'') is defined as the set of all k, such that Ek ^ X'' and EtDX''' ^ 0, 
which in particular implies that Eh is mapped to itself by h due to G-normality. 
We have also used the identities 

tdixs''' n Ej) = td{x9''') 

fceJ 

c/i(A_i7Vi„.ni5,cx'.ni=;.)(5) =c/i(A_i7Vi„.cxO(5) \{ (l-e-^'=-2--'=(«)). 

Changing the order of summation, one obtains 

lim Ellorb{X,E,G;z,T) 

T — >ioo 

' ' heG Xi^ ,7C/(X'') geC(/i,X'',J) '^"'''^■^^ 

c/t(A_^n^,^^^)U..>.n£.,(g) -pr y-1 yr jy - 1) 

ch(A liV* . . )(a) ^^^v^''+^ - 1 Cw'^fc+i - 1) 

'^"'y^^-^^^ Xs.tinEjCX'^nEjfyy) fcgj y EkDX'' ' 

where the group C(/i, X'', J) is defined as the subgroup of the centralizer of h that 
consists of group elements that map X^ to itself and preserve all elements of J. By 
the equivariant Riemann Roch theorem the above expression equals 

_ dim X 

y 2 



J2 y-^^(f^'^ ^^)\C{h,X\j)\xy{X^nEj/C{h,X\j)) 

' ' h,X'*,JGI{X'') 

keJ ^ EkDXh ' 

_ dim X 

y 2 



^ y^tiKX ,E)^C{h,X\j)\Xy{X^C^Ej/C{h,X\j)) 

' ' h,X>^,J<ZI(X>^) 

V i iV^i-i^^i TT ^^"^^ TT (^"^^ 

We observe that we can replace the group C{h, X^, J) by a possibly bigger group 
C{h, X^, J) characterized by the condition of fixing h and X^ and fixing J as a set. 
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Indeed, the G-normality of E implies that the action of C{h, , J)/C{h, X'^, J) 
on X'^ n Ej/C{h, X''-, J) is free and we can rewrite the above as 



^ y"'*("'^^^)|C(/^,x^J)|x,(x'^n£;J/(7(/^,x^J)) 
, , rr (»-!) 



s: (-i)'™ n n 



JiCJ keJi ' BfcDX'' ' 

The variety is stratified by intersections with various Ej which induces a stratifi- 
cation on X'^-nEj/Cih, X^, J). Every J2 3 J gives a stratum X^r\E\ on X'TlE'j, 
but different such strata may map to the same stratum in X^ n Ej/C{h,X'\ J). 
In fact, the strata for all possible sets of J2 from the same orbit of C{h, X^ , J)- 
action on the set of J2 that contain J will map to the same stratum 5 on X'^ D 
Ej/C{h, X'^, J). This stratum 5* wih be isomorphic to X^ n E°jJC{h, X^, J C J2) 
where C{h,X'^ ,J C J2 ) is t he subgroup of G that fixes h and X'^ and fixes J and 



) is t 
pl2 



J2 as sets. By Lemma |3.12| , we get 

Indeed, both groups C{h,X^,J C J2) and X'*, J2) act freely on the variety 
X^ n Ej^ /C{h, X^, J2) and preserve the stratification which allows one to compare 
the Xy-genera of the quotients. Using additivity property of Xy-genus we now get 

Xyix>^nEj/c{h,x^j))^ ^ \^l^^^iM^^^x'^nEX/ciKx\j,)) 

J2DJ \C[tl,X , J)\ 

with the rational coefficients included to account for the fact that the same stra- 
tum on the quotient may come from different strata on X^ Ej. We notice that 
equals 1 for Ji = J2 and equals zero otherwise, to get 



hm EllorbiX, E, G; z, r) = ^—^^ ^ y^tiH.x\E) 

T— >100 (_z ^ ' 

' ' h,X'',JCI{X'^) 

X \c{h, x\ J) n Eyc{h, x^ J)) n Jf+; n J^'^n 



E 

{/i},{xn,{^} 



^■u;t('».X\B)^^^(^/i n E°j/C{h, x'\ J)) 



(y-l) jy-l) 



11 ^.-Sfc+i _ n 11 



^ 11 + l _ i\ 11 ( 

fee./ ' BfeDX'' ' 

Here we are summing over representatives h of conjugacy classes of G, then over 
representatives X^ of the orbits of the action of C{h) on the components of the 
fixed point set of h and finally over the orbits of the action of C(h, X^ on the 
subsets of I(X'^). This can be compared with Definitions 6.1 and 6.3 of Our 
sum over the subsets of the set of components fixed by h that contain the set of 
components Ek that contain X'' coincides with the set from the definition of [D 
up to trivial contributions. Indeed, in Definition 6.1 of M Wj is empty unless J 
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consists of the elements that correspond to divisors that intersect W and moreover 
contains all elements that correspond to the divisors that contain W. 

However, it appears that we are summing over the orbits {J} whereas Definition 
6.3 of 1^ contains the sum over all J. The extra factor is equal to the length of the 
orbit of J under the action of C{h, X^,0). This appears to be a typo in |^ , which 
can be easily seen for a fixed point free action of G. □ 



Remark 3.14. Clearly, the comparison between orbifold elliptic genus and orbifold 
i?- function follows from Theorem and the main result of However, it would 
be strange to rely on such a roundabout way of proving it. 



Proposition 3.15. Let X be a smooth G-variety and let E be a G-normal divisor 
on it such that {X, E) is Kawamata log-terminal. Let m{Kx + E) be a trivial 
Cartier divisor for some integer m. Denote by n the order of the image of the 
homomorphism G — > AutH'^{X,m(Kx + E)) where the homomorphism can be 
defined due to G-invariance of E. Then EllorbiX, E,G) is a weak Jacobi form 
of weight and index dimX/2 with respect to subgroup of the Jacobi group T"^ 
generated by transformations 

z 1 

(z,t) (z + TOn,T), {z,t) ^ {z + mnT,T), (2:, r) -+ (z, r + 1), (z,t)-^(-, ). 

T T 

Proof. As in the proof of Theorem 4.3 in we introduce 

OItt^ + K(q) — TK(h) — z) „ . 

^9,h,^,z,r,x) := ^ip^^-J^i^A^^e^— ^ 

where k is a character of the subgroup of G generated by g and h considered acting 
on a line bundle with the first Chern class x. Then the contribution of a connected 
component X^''^ in Definition is 

n ^ n h, A, z, T, xx) 

A(g)=A(h)=0 A 



n 



$(g,fe,£fc,(l + 4)^,T, efc) 9{-z) 1^ 
<P{g,h,ek,z,T,ek) e{-{dk + l)zy 



The proposition follows from transformation properties of h, k, z, r, a;) proven 
in Theorem 4.3 of Q. Note that these properties yield that transformation (z, r) 
{z+mnr) transforms Ellorbi^^ E, G) as a Jacobi form provided: 2^a+X] ^k^k = 
and for any g £ G one has 'rnn{J2xK9) + Y^k^^^kig)) G Z. Those are the 
assumptions of the proposition. Jacobi property for the transformation {z,t) 
(z + 1, r) also uses mn{J2\ K9)'^J2k ^k^kig)) £ Z. The other two generators of F'^ 
mentioned above transform the contribution of the pair {g, h) into the contribution 
for pairs {gh^^,h) and (h,g^^) respectively, multiplied by corresponding Jacobi 
factor. 

We remark that the result of this proposition also follows from the main Theorem 



5.3 of this paper and [[7|, Proposition 3.8]. □ 
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4. Toroidal morphisms of nonsingular pairs 

The goal of this section is to derive puUback and pushforward formulas for func- 
tions of divisor classes for certain maps of varieties with simple normal crossing 
divisors on them. 

Let Z he a smooth algebraic variety, together with an open set Uz whose comple- 
ment is a simple normal crossing divisor D = X^ie/^ where Di are the irreducible 
components of D. To every subset I C Iz and every connected component Z^.j of 
Zi — (li^jDi we associate a cone Cj-j in the lattice Ni-j = Z'^L We denote the 
standard basis of Nj.j by {ek-j}jk G /. The cone Cj-j is defined as ©fcg/IR>oefcy-. 
For any cone C its relative interior will be denoted by C°. 

If Ji C I2 and a connected component Zj-^-j-^ contains a connected component 
Zj^-j^ then we define a face inclusion map from Nj-^.j-^ to Nj^.j^ by mapping Ck-ji 
to ek-j2 for every k ^ h. The image of the cone C/^j^ under this map is a face 
of C/2;j2J which explains the terminology. In agreement with the terminology of 
|2l| we define the conical polyhedral complex T,z of {Z, D) as the union of all cones 
Ci-j glued according to the face inclusion maps. We will often refer to it as conical 
complex. This is the same as conical polyhedral complex with an integral structure 
for the smooth toroidal embedding without self-intersection in the terminology of 
|2l| . We also observe that closed subvarieties Zj-j induce a stratification on Z. The 
corresponding locally closed strata will be denoted by Zj.j. 

We define piecewise linear (resp. polynomial) functions on as collections of 
linear (resp. polynomial) functions on each Cj-j € "Sz which are compatible with all 
face inclusions. We will analogously talk about formal power series on the conical 
complex by considering the completion of the space of the polynomial functions 
by the degree filtration, i.e. the space of collections of formal power series on the 
vector space Nj-j ®z C for each Zj.j that are compatible with the face inclusions. 
There is a natural ring structure on the space of formal power series, which we will 
denote by Cip^]]. 

Another natural ring to consider is the partial semigroup ring defined by the 
conical complex E^. It is a vector space whose basis elements [v\ are in one-to-one 
correspondence with lattice points v of Hz- For every pair of points vi,V2 G S^, 
the product [fi][f2] is defined as follows 

bi]b2] = ^ bJi + '"2]- 

ceSz 

where ^ means that the same point of E^ that appears from different cones is 
counted only once. Alternatively, it is enough to consider the cones C 3 vi,V2 
that do not contain any smaller such cone. In particular, the product is zero if 
there are no cones C that contain both vi and V2- This ring will be denoted by 
C[E2]. It can also be thought of as a subring of the direct sum of the semigroup 
rings ®/;jC[C/;j] that consists of collections that are compatible with the face in- 
clusions. The identification is via mapping [v] to the collection of [v] for C 9 u and 
otherwise. 

It will be crucial to our calculations to construct a natural isomorphism between 
the ring C[E2] and the subring of C[[E2]] that consists of piecewise polynomial 
functions. Namely, for every cone C'l-j we denote by Xk-j the linear functions on 
Nj-j such that Xk;j{ei-j) — S[. where 6 is the Kronecker symbol. The element 
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M — [J^kei '^k^k-j] of C[C/:j] is mapped to the polynomial JJ^ ^{xk-jY''- If a 
collection of elements of C[C/;j] is compatible with face restrictions, then so is the 
collection of the corresponding polynomial functions. Indeed for any face inclusion 
between C/^yj and Ci^ j^ the linear functions Xk-j^ restrict to a;/c;ji if A: e /i and to 
otherwise. It is straightforward to see that this identification is compatible with 
the product structure. The inverse map from piecewise polynomial functions on 
Tiz to C[S2] is easy to construct as well. In what follows we will frequently pass 
from one description of C[S]] to the other. 

Definition 4.1. We define a map p: CWTjz]] A*{Z) as follows. For every lattice 
point V G Cj.j given by 

V = ^kie^.j^ki > 1 
we define by / the corresponding piecewise polynomial function on and set 

p(/) = Zj,, n (n,e/(A)'='-'). 

We extend the definition of p to arbitrary piecewise polynomial functions by linear- 
ity. We extend it to arbitrary piecewise formal power series by noticing that that 
only V with ki < dim Z contribute nontrivially. 

Proposition 4.2. The map p defined above is a ring homomorphism. 

Proof. It is enough to calculate the image of the product of two monomial functions 
/i and /2 that correspond to points vi and V2 in the conical complex. If there is no 
cone C/;j € Y^z that contains both vi and V2, then /1/2 = 0. On the other hand, 
in this case the components Zj-^.j-^ and Zj^.j^ do not intersect, so p(/i)p(/2) — 0. 
In general, the product /1/2 will correspond to 

Cl-^j ^ C I,j ^ ■ J2 

where I = Ii U I2 and 

The cones Cj-j are in one-to-one correspondence with the connected components 
of the intersection Zj-^.j-^ n Zj^.j^. The image of each fci j under p is 

p(/c.J - n (n.e/,u/2A'*''^'*''"') 

where fc^.i is defined to be zero for i ^ Ii and similarly for fc^ 2- On the other hand, 
the excess intersection formula jl^ gives 

^h\3i ri Zj^.j^ = ^ Zj.-j n (riie/in/a A) 
j 

in A*[Z). Then it is easy to see that p(/i/2) — p(/i)p(/2)- □ 

Remark 4.3. If all Zi = Hi^jDi are either empty or connected, then the above 
discussion simplifies greatly. Then the image of p is precisely the subring of A*{Z) 
generated by the classes of Di . The difficulty was to somehow localize a polynomial 
in Di to the correct connected component. 
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Remark 4.4. The relation between lattice points of T,z and piecewise polynomial 
functions on becomes important for what follows. While the former are easier 
to describe, the latter behave better under puUbacks. 

We now define a certain class of morphisms between two varieties Z and Z with 
the normal crossing divisors D and D respectively. This is a particular case of the 
general definition of ||]. 

Definition 4.5. We call a proper generically finite morphism \l: Z ^ Z toroidal 
if the following conditions hold. 

• D — fi^^D and the morphism /i is finite and nonramified outside of D. 

• The image of the closure of any stratum of Z is the closure of a stratum in Z . 

• For every points z G Z and z € Z such that fi{z) = z and every system of 
local analytic coordinates at z such that components of D that pass through z are 
coordinate hyperplanes, there exists a system of local analytic coordinates at z such 
that the map [i is given by monomials. 

We claim that locally in Z a, toroidal morphism is given by a finite toric mor- 
phism. A local description of a finite toric morphism can be seen in Figure |l| where 
the positive orthant in one lattice is subdivided into cones of determinant 1 in a 
smaller lattice. We refer the reader to for the background on toric geometry. 

Remark 4.6. Let C be a positive orthant in a lattice N and let TV be a finite index 
sublattice of N. Then to each subdivision E of C into cones of determinant one 
in N (see Figure |^) one can associate a proper generically finite toric morphism 
between the smooth toric variety that corresponds to {N, E) and the smooth toric 
variety C'''^^ that corresponds to {N, C) . 




Figure 1. 

As in 1^, to every toroidal morphism we associate a map ^: — > as follows. 
For a cone Cj - , pick a generic point z on the corresponding connected component 

Zj.j and consider the above monomial map between the neighborhoods of z and 

z = ^(z). Point z lies in the stratum Zj-j for some I and j. For every i € I 
consider the point in Ci-j whose coordinates are the degrees of the local variables 
that corresponds to i in the expressions of the variables that correspond to Di,i e /. 
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This defines the image of the point e--:- in C/ w and the map is extended to the whole 
by linearity. This map is compatible with the face inclusions and is thus well- 
defined. Indeed, it encodes the coefficients of D-^ in the divisors fJ,*Di. 

Moreover, we can describe the preimage of any cone Cj-j as follows. Let z be 
a generic point of the corresponding stratum Zj.^ and let U he a small analytic 

neighborhood of z. Let U be one of the connected components of the preimage of 
U. We denote by U° and U° the intersections of U and U with the complements 
of D and D respectively. Then fi induces a finite nonramified covering map from 
U° to U. Since the fundamental group of U° is naturally isomorphic to Nj-j, this 
covering gives a map from Nj.j to a finite group. The kernel of this map is the 
fundamental group of U° . It is a finite index subgroup of = Nj.j which we denote 
by N . The map from U to U can be passed through the singular variety Ui which 
is the preimage of U under the natural map from Spec[C|.^ n iV] ^ Spec[Cj.^ fl N]. 
Then the arguments of |^, Chapter 2, §2] show that the map from U to Ui comes 
from a subdivision of the cone Cj-j in N into cones of volume 1 as in Figure |l|. 

In general, it is possible that different connected components of the preimage of 
U are part of the same connected component of the preimage of Zj.^. However, 
we have just shown that the preimage iy~^Cj.j of the interior of Cij is a union 
of connected components, each of which corresponds to a finite toric morphism. 
Namely, for each component, there is a sublattice N of finite index in the lattice 
N = Nj-j. The relative interior of cone Ci;j is subdivided into several simplicial 
cones of volume 1 in the lattice TV as in Figure |l|. We will denote this subdivision 
by Sc^.j , if it is clear from the discussion which connected component of v~^Cj.j 
we are referring to. Then every cone of Sc/ is a cone of with the lattice 
N as the corresponding lattice. For the stratum Zj.^ the restriction of to the 
preimage of an analytic neighborhood U of Zj.^ is described by v in the following 
sense. Connected components of this preimage are in one-to-one correspondence 
with connected components of v^^C^.y Let us fix one such connected component 
which we will denote hy U . It is easily seen to be a neighborhood of the union of 
the strata Z°~ ~ for all Cj.-- € Scj • Moreover, it is a locally trivial fibration with 
fibers isomorphic to the preimage in P^^ j, of a disc around the origin under the 



map of Remark 4.6. The base is isomorphic to some smooth variety W which is a 
nonramified cover of degree di-j of Zj.^ . The map /i on ?7 is locally on Z isomorphic 



to a product of the map from Remark 4.6 and an identity map along. Here W can 



be taken to be any stratum on Z that corresponds to a maximum-dimensional cone 
in T^Ci-j ■ The numbers c?/y depend on the connected component U and they will 
be important in our description of the pushforward. 

Our goal is to investigate the restriction of /i* and /i* to the subrings of A*{Z) 
and A*{Z) which are images oi p — and p =^ pz- 

Proposition 4.7. The data of finite toroidal morphism define a map 



simply by pulling back the corresponding functions via v. This map is a lifting of 
p* in the sense that 
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Proof. Let's first check this for a Unear function on Y,z- Every such function cor- 
responds to a divisor onDi. Then locally this is a statement of toric geometry, 
namely that the preimage of a divisor under a map between two toric varieties is 
given by the same piecewise-linear function, which is apparent from the definition 
of V. 

It is then enough to check this statement for a function / that corresponds to a 
point V = X^ie/ i'^ the relative interior of a cone C/y G S^, since both v* and /j,* 
are ring homomorphisms. We can restrict our attention to a Zariski neighborhood 
U of Zi-j such that C/ fl = Zi-j. Then all we need is the above statement in 
toric geometry, restricted to U , together with the fact that /z* and v* are ring 
homomorphisms. □ 



It is a bit more difficult to describe the pushforward. 

Theorem 4.8. Let j/* be defined as follows. For every f G C[[S^]] and every cone 
Cj-j G consider the subdivision Sc/.j of each connected component of i/^^Cj.j. 
For each Cf.j of "^Ci-j with \I\ ~ the power series in the variables xi,i ^ I 
that corresponds to the restriction of f to Cf ^ gives a power series in the variables 
Xi,i ^ I via the linear change of variables that corresponds to the inclusion of C j.-- 
into Ci-j. This power series will be denoted by /^.- . Then we define the element of 
C((x,y)),iG/ 



(10) (-A.-E'^^. E //;iB^ 

Er- ifi in lliG-f^iy 



where the outer sum is taken over all connected components of u~^Cj.j. These 
functions {v*f)i;j are compatible with face restrictions and actually lie in <C[[xi-^j, i G 
/]]. Thus they define a map v^,: C[[S^]] — > C[[I]z]]- Moreover, is a lift of 



m 



the sense that 



Proof. Let's check that the image of the function / is actually in C[[C/;j]] for every 
given cone Ci-j . It is enough to consider one cone subdivision Scj., ■ The function 
Ptf may have simple poles over hyperplanes that correspond to cones of ^c,.j of 
dimension |/| — 1. Each such cone has two adjacent cones of maximum dimension, 
and it is straightforward to see that the terms of ( [lo| ) for two such cones will 
contribute the opposite residues for this hyperplane, because of the compatibility 
condition on /. 

Let's now show that I'^f is well-defined as a map from C[[I]^]] to C[[E2]], that 
is the definition of {Vi,f)i;j is compatible with face inclusions. Let Cj-^-j-^ be a 
codimension one face of C/j^^. Hence I2 — Ii U {io}. The cones Cj^.j^ ^ '^z t^^^t 
map to the cone C/jyj and have the same dimension may or may not contain a 
face Cf - that maps to Cr, o, . In the latter case, the contribution of such Ct -■ to 
(z^*/)/2;j2 is going to restrict to zero on the face Ci^ j^. Indeed, in the equation (Eo|), 
the restriction of the numerator to Cj-^-j-^ vanishes, because it contains the linear 
factor Xig-j^i whereas the denominator does not vanish. In the former case, the 
factor Xig.j2 will appear in the numerator while x^^.j^ will appear in the denominator 
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where ig is the hnear function that vanishes on C/^.j^- It is easy to see that 

The other factors in the fraction would restrict to those for the contribution of 
^h-ji i^*f)h;3i- Foi' each cone Cj^.j^ there may be several different cones Cf^.j^ 
as above, but we observe that for each Cf - 

(11) E l^^2U2 : = : iV/^^j^ \di,.,j, . 

Indeed, both sides depend only on the connected component of i'~^Cj-^.j-^ rather 
than the specific cone Cj-^.j^- The right hand side then describes the number of 
points in the preimage of a point in the neighborhood of the stratum Zj^ that 
lie near a certain connected component Y of ^~^Zj-^.j-^. Indeed, for any z G Zj^.^^ 
there is a neighborhood U 3 z such that the preimage is isomorphic to a union of 
d/j^yj copies of a toric variety ^Ni-^.j-^Xcj ■ each copy the map on the big 
open set is finite unramified of degree \Ni^.j^ : -^/^.j^ |- The left hand side describes 
the sum of numbers of points in the preimage of a point in the neighborhood of 
Zj^.j^ sorted by the connected component of its preimage. However, since we are 
summing over the connected components of the preimage of Zj^ -j^ that are part of 
the component of the preimage of Zj-^.j-^ both sides are the same. 

Next, we observe that ly^, is a module homomorphism with respect to the C[[Sz]]- 
algebra structure on C[[S]2]] induced by . Indeed, multiplication by a puUback 
of a function g on results in multiplication of all fj - in the equation ( p^ by g. 

Because /i* is also a module homomorphism, it is now enough to check that 
p{^*{f)) = l^*{p{f)) for functions / from some generating set of C[S^] as a module 
over C[S2]. We claim that such generating set can be taken to be the set of / that 
correspond to minimal lattice points in the interiors of cones. Indeed, for every 
cone Cj.-- G 5]^, consider a cone C/y € that it maps into the interior of under 
V. It is easy to see that products of the function / that corresponds to the minimum 
interior point of w = X^ie/ ^l-'j puUbacks of polynomial functions on Ci;j span 
precisely the space of functions that correspond to monomials from the interior of 
Cj.--. So it is now enough to consider the function / that comes from the minimum 
interior point, where we keep the notations as above. We recall that for such / we 
have p{f) = Zj... 

In the case of |/| < |/| the stratum Zj-- has the image of smaller dimension, so 
fj.*p{f) = 0. Consider all cones Cj^.-j^ in Sc^.^ that contain C^.- and have dimension 
— \I\. These cones form the star of the neighborhood of Cj.-j in the fan j- 
The contributions of the fractions of the equation ( p^ times the corresponding / 
will be proportional to 

E n ^ 

Since all these linear functions x~-~^ vanish on the span of Cf ~ , one can work on 
the quotient, where Lemma 8.4 implies that {v*f)i\j = 0. 



We also need to check that {i^*f)ii;ji = for all cones C'l^-j^ G Sz that contain 
Ci-j. These calculations are analogous and are left to the reader. 
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Let US now consider the case |/| = |/|. In this case there wiU be only one 
contribution to {i'*f)i:j and we get 

We also claim that for every other cone Ci^-j^ that contains Cjj we will have 



IG/ 
-1/ 



Indeed, for every connected component of (C/y ) the terms of the equation (10) 
will be zero except for the cones Cj^.-j_^ with = that contain Cj y If we 
again work in the quotient by the span of C^^ j, we see that Lemma 3.2 implies that 
the total contribution of such Cf ~ is 

Then an analog of equation ( pi] ) finishes the calculation of {v^,f)i^.j^. 

Then we conclude that v^f corresponds to dj.j times the minimum lattice point 
of C/y . On the other hand, the corresponding cycle maps onto Zi-j and the 

morphism is is generically finite of degree d/^ . Therefore, we get — dj.jZi. j, 

which finishes the proof. □ 

5. Main theorem 

Our goal is to prove that any G-equivariant morphism fi : Z —^ Z of smooth va- 
rieties which is birational to a quotient by G has the property that the pushforward 
of the orbifold elliptic class in A*{Z) is the elliptic class in A*{Z). The strategy of 
the proof is to reduce the situation to a toroidal morphism. 

Let I.J, : Z ^ Z he such G-equivariant toroidal morphism. Let h be any linear 
function on the fan Y,z- Function h corresponds to the divisor 

E 

ieiz 



Dh = > a,; A 



We will also consider the divisor on Z such that 
(12) ii*iKz + Dh) = K^ + Dh 

and 

The set splits into two sets /|^'^ and I^"-™ according to whether or not Di is 
contracted by /i to a smaller-dimensional variety. We will abuse notations and call 
the divisors D-^ for i G /™™ ramification divisors, and assign to each of them the 

ramification index (which may be equal to 1). We observe that if IJ.(D^) = Di, 
then 

ai + l = r-{a, + 1). 

Since /j, is birationally equivalent to a quotient morphism and is locally given by 
the map between two toric varieties, it is easy to see that locally the group G acts 
as a subgroup of the torus. The isotropy group of every point of the stratum that 
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corresponds to the cone Cf - is equal to the index of y^jcf ^^i-o in the restriction 
of Nci.j to the Q-span of ej.--. We wiU denote this group by Gj.- . 
Consider the foUowing function E oi z,t with values in A*{Z). 



' ^ g,heG:gh=hg Z!i^'- = Zj. iel^ 27ri6'( )6'(-z) 



n 



n 



-^-(a. + l)z)0(-z) 



Here gi and are the rational numbers in the range [0, 1) which describe the 
characters of the action of g and h on the divisor i)j at each point of -Z^/.j- 
The following theorem describes the pushforward of E to Z. 

Theorem 5.1. 



Proof. We will use Theorem to reduce the statement to a combinatorial result. 
First, we observe that E{z, r) can be obtained as p{F{z, r)) where F is defined as 
follows. 

Consider the cone Cj.- that is a part of the subdivision Scj j- Denote by Gj.j 
the quotient of the intersection of the lattice ©ig/Zciy with the rational span of 
ej.j, i G / by ©jg/Zej.j. The value of F{z, t) on this cone is 

Indeed, for every g,h € Gj.j there is a unique connected component of the fixed 
point of g and h that contains Zj.j Then we use the definition and multiplicative 
properties of p, together with the fact that D~- corresponds to the function on 
that equals for every Cj.- such that I 3 i and equals zero otherwise. 

Now we need to calculate j/*F(z, r). Let's calculate the component of v^,F{z^ r) 
on a cone C/y . By the definition of v^, we get 

..F(z,r),, = (na;,,) 



Ci^.^c,^,M\=\i\9^heGi^^ l^i 27rif?(|4 +5i - hiT)e[-{ai + l)z) 



g27ri(aj + l)/tj2 



We now apply Lemma Indeed, it is easy to check that equation ( p^ ) implies 
that the values (aj + l)z are values of a linear function on Cij. As a result, we get 
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Here we use X^Sc ^i-jWi-j ■ ]\ ~ 1^1' which foUows from the count of the 
number of preimage points of a point close to the stratum Zj-j. 

to get 



We now use Theorem 4.8 



D^0'{O)0{§■ - (a. + l)z) 



Indeed, the calculation of pi>^,F{z,T) is accomplished by the multiplicativity of p 
and the fact that the power series in Di has constant term 1. □ 

We will also need the following lemma that connects the Chern classes of TZ 
and p*TZ. 

Lemma 5.2. 

ciTZ) = n (1 + A) 11(1 + ^* A)- V*c(TZ). 

Proof. First of all, it is easy to see that the puUback of the bundle of the logarith- 
mic differentials on Z is the bundle of logarithmic differentials on Z . Then it is 
straightforward to calculate the ratio of Chern classes for the bundles of logarithmic 
differentials and usual differentials for a variety with the normal crossing divisor. 
The details are left to the reader. □ 

We are now ready to formulate and prove our main theorem. 

Theorem 5.3. Let {X]Dx) be a Kawamata log-terminal pair which is invariant 
under an effective action of G on X. Let ip: X —>■ X/G be the quotient morphism. 



Let {X/G; Dx/g) be the quotient pair, see Definition 2.7. Then 



^MlorbiX, Dx,G; z, t) = £.ll{X/G, Dx/g; ^, r). 

Proof. The following lemma allows us to reduce the problem to the situation of a 
G-equi variant toroidal morphism. 

Lemma 5.4. There exists a commutative diagram 

p: Z ^ Z 

I I 
iIj: X ^ X/G 

where the vertical arrows are resolutions of singularities and p is a G-equivariant 
toroidal morphism. 

Proof. We define Z as a desingularization of {X/G, Dx/g)- Consider the normaliza- 
tion of Z in the function field of X and the corresponding normalization morphism. 
By Abhyankar's lemma it is a (typically singular) toroidal embedding with the 
toroidal morphism to Z. Then toroidal desingularization finishes the job. See [|j 
for details. □ 



Proof of Theorem \5.!\ continues. By Lemma 5.4, Definition |3.6| and composition 



properties of pushforwards, it is sufficient to prove the pushforward result for a 
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G-equi variant toroidal morphism [i: Z ^ Z which is birational to '0- By Lemma 
5.2 and Definition 3^ of orbifold elUptic class Ell{Z, D^, G; z, r), we see that 



Ell{Z,D^,G■,z,T) = E{z,T)^l*(^l[ 



Then Theorem 5.1 and definition of elliptic class £ll{Z, D; z,t) finishes the proof. 

□ 



Remark 5.5. Theorem 5^ gives an affirmative answer to the conjecture of |7|. We 
call it McKay correspondence for elliptic genera, analogously to the homological 
McKay correspondence for stringy i?-functions. 

6. DMVV FORMULA FOR PAIRS 

One of the motivations of the definition of orbifold elliptic genus in Q was the 
formula for the generating functions of elliptic genera of symmetric products. 

oo 

(13) ^p"S?/o,6(X'V^„;z,r) = []J]. 



n>0 1=1 Lm ^ P y 1 ) 

Here X is a Kahler manifold, Sn is the symmetric group acting on the n-fold product 
and c(m, I) are the coefficients of the elliptic genus ; c(m, l)y^q"^ of X. 

This formula was originally derived in [|ll| by means of some string-theoretic 
arguments. In particular, the orbifold elliptic genus of a quotient of a variety by 
the symmetric group Sn was defined as trace of a certain operator over the Hilbert 
space of the conformal field theory quotient of C" where C is the superconformal 
field theory conjecturally associated to X. In DMVV formula was shown for 
the mathematically defined orbifold elliptic genus. Our goal now is to extend this 
result to singular varieties and more generally to arbitrary Kawamata log-terminal 
pairs. 

Theorem 6.1. Let {X,D) be a Kawamata log-terminal pair. For every n > 
consider the quotient of (X,D)" by the symmetric group Sn, which we will denote 
by {X"/Sn,D^"^/Sn)- Here we denote by JD^"^ the sum of pullbacks of D under n 
canonical projections to X . Then we have 

oo 

p"Ell{X"/Sn, D^"^/Sn; ^, t) = n n ■ 



n>0 i=l l.m ^ f y H ) 



where the elliptic genus of [X, D) is 



Y,Y.<m,l)y'q"^ 



and y = e , q 



m>o ; 



Remark 6.2. In the case of smooth X with Z? = 0, the Fourier coefficient at of 
Ell{X, z,t) at q™ is a polynomial in y^^ . In general other rational / are possible, 
but more importantly, the coefhcient by g'" is no longer a polynomial in s , rather 
it is a rational function. However, we will always assume that this function is 
Laurent expanded around y = 0, so we will be working in the field of formal power 
series in y*^, where d is divisible by 2 and all denominators of the discrepancy 
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coefficients for some resolution of {X,D). The issue of non-polynomiality was first 
raised in Q at the q'^ level. 

Proof. First of all, observe that the quotient of the tensor power of a Kawamata log- 



terminal pair is again a Kawamata log-terminal pair. Moreover, by Theorem 5.3 
we can calculate the elliptic genus of (X"/ Sn, D^^^ / Sn) as an orbifold elliptic genus 
of (X", Sn). A resolution of singularities {X, D) of the pair {X, D) induces a 
birational morphism X" X^ so we may assume that (X, D) is nonsingular, i.e. 
X is smooth and D is a normal crossing divisor onDi with ai > —1. While the 
divisor Z)^") on X" has simple normal crossings, it is not S'„-normal. Indeed the 
puUbacks of the same component Di via different projections are group translates 
of each other and certainly intersect and are nontrivially permuted by the isotropy 
group of any such intersection point that lies on the main diagonal X C X". To 
rectify this situation we need to consider an appropriate blowup of X". By Remark 



3.10, each pair of commuting elements {g, h) can be handled separately. 

Let's describe the pairs of commuting elements g^h 6 Sn and the connected 
components of their fixed point set. If the cycle decomposition of h has Oj cycles 
of degree j, then the fixed point set of h on X" is the product of Oj copies of 
X, embedded into X" by the product of diagonal embeddings of X into X^ for 
each cycle of length j . Elements g of Sn that commute with h form a semidirect 
product of the group Ch — Wji'^l j'^Y^ which consists of the products of powers of 
cycle components of h and the group Bh = Hj ^a-j which consists of the group that 
permutes cycles of the same length without disturbing the order in the cycle. A fixed 
point set of each such pair (g, h) consists of points on X^j that are preserved by 
the image of g in Bh- It is easy to see that the contribution of each such {X'^Y'^ 
is the product of the contributions of each factor. As a result, it is enough to 
consider the contribution of the diagonal embedding of X into AT'^ = [X^Y where 
h acts by permuting the copies of X inside each X^ and g acts by a product of a 
cyclic permutation of i copies of X^ and some cyclic permutations within each X'-' , 
that does not change the cyclic orders of the components of X^ . Then g^ = for 
some < s < j — 1, and s determines the action uniquely. Namely, if Xk,i,k G 
Z/iZ, I G Z/jZ denote the components of A*-' , then we may assume that h acts by 
Xk,i — > Xk,i+i and g acts by Xk,i —>■ Xk+i,i for fc = 0, . . . ,i -2 and x^-i^i xq.i+s- 
We will denote by G the group generated by g and h. It is an abelian group of order 
ij given by the generators g,h and relations gh = hg,g^ = h'',h^ = 1. We denote 
the corresponding product of ij copies of X by X'^ , which indicates the action of 
G on it. 

We now need to make (A*^, D^'^'>) into a G-normal pair. Let Dc, 1 < c < k he the 
irreducible components of Z) on A. We will denote by Z^r.c, r € G the pullback of Dc 
under the r-th projection map A'' X. We will perform the following sequence of 
blowups to A'-^. First, we blow up HrgG-Dr,!, then we blow up the proper preimage 
of r\r^GDr,2i and so on. We can describe this blowup in terms of the subdivision 
of the conical complex that corresponds to the simple normal crossing divisor D^'^^ 
on X'^ . For the sake of simplicity we assume that the intersection of every number 
of components Dc on A is connected. The general case is completely analogous, 
it can also be reduced to the connected case by further blowups of A. Every cone 
C of the conical complex Sj^g is generated by elements er,c for some subset of 
Ic C G X {1, . . . ,k}. We denote by Jc the subset of {1,... ,k} that consists 
of all c for which Ic ^ G x {c}. The subdivision of C that corresponds to this 



MCKAY CORRESPONDENCE FOR ELLIPTIC GENERA 



29 



sequence of blowups is then the product of Z>oer.,c for {r, c) G Ic, c ^ Jc and the 
product over all c G Jc of the subdivisions of J^reG ^>oCr.c where the extra vertex 
SrGG ^r,C is added and the cone is subdivided accordingly. It is clear that this is 
a well-defined subdivision of Sjs^ g and we denote the corresponding variety by X'^ 
and the corresponding divisor by D'^^\ We observe that there are k exceptional 
components of D^^\ which we will call Ec, and the rest are the proper preimages 
of the components of D^^\ 

We need to describe connected components of the fixed point set of G on X'^. 
Every such fixed point maps to the diagonal X C X"^ , and should lie on the 
stratum of the stratification by the intersections of components of D^'^^ that is 
stable under the group action. Since the construction is local in X, we need to 
see what happens when X is a C" with D given as a union of some coordinate 
hyperplanes zi =0,22 = 0,...,zi = 0. The extra coordinates zi+i, . . . , z„ will 
have an effect of tensoring the construction by an affine space, so it is enough 
to look at Z = n case. Then we need to investigate the fixed point sets of the 
toric variety that corresponds to a certain blowup of the positive orthant in Z*-'*^ 
where the generators are denoted by er,c,r G G, 1 < c < L The group G acts 
by multiplication on the first component of the index of the coordinate. The rays 
of the fan of the blowup that are fixed under G correspond to e*^c = X^reG ^r,c- 
Moreover, it is easy to see that the only strata that are preserved by G are the 
intersections of the corresponding divisors. In other words, we need to consider the 
faces of the Z-dimensional cone G which is a part of the subdivision of the positive 
orthant and is the span of all e*,c- This cone corresponds to the afRne set which is 
isomorphic to 

(14) C' X (C*)'-'''-'. 

The coordinates on (C*)*-''^' are given by Xr^cX^^^^ and the coordinates on C' are 
given by a;o,c- Let P be a fixed point of G. For each c, x^.d Xr-^^^c = exp(27riA(r — ri)) 
for some character X: G Q/Z. If A is nontrivial then xq^c is zero, and otherwise 
arbitrary values of xq^c are allowed. Moreover, for each component of the fixed 
point set the map to C" C (C")*^ is an embedding. Indeed, it is clear for each 
factor C"^ that corresponds to the Dc- Basically, for each factor, the blowup locus 
intersects the main diagonal of C*^ in codimension one, namely at the origin. 

Returning to the global situation, the above description tells us that connected 
components of the fixed point set Y of X^'^^ correspond to the collections of char- 
acters Xc'- G ^ Q/Z. The fixed point set for each such character is isomorphic to 
Dj = Hig/Di where / is the set of c-s for which Ac is nontrivial. Indeed, this follows 
from the fact that locally the map from the component of the fixed point set to 
X^ is an embedding. We observe that for some combinations of characters we may 
have Di = %. 

We now need to calculate the tangent bundle to such a component which we will 

denote by . Notice that divisors D^.c do not intersect with Y . Indeed, every 

G-invariant point of Dr,c would belong to Dri,C for all ri, but the intersection of 
all these divisors is empty since tt factors through the blowup of the intersection of 

Dr,Ci r G G. As far as intersection with Ec is concerned, Y\i \k is contained in Ec 

for Ac 7^ and intersects transversally other Ec- For Ac = the intersection of Ec 
and lAi,...,Afc can be identified with the intersection by Dc under the isomorphism 
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^Ai Afc — Dj. The character of G that corresponds to Ec ^ is equal to 

The Chern classes of the tangent bundles of X'-^ and X'^ are related by Lemma 



5.2, namely 

fe 

C 



(Ti«)=7r*c(rx«)n(i+^c) n 



c=l reG,l<c</£ ^ ' ' 

where Dr,c is the proper preimage of Z3r,c- Notice that as classes in A*{X'^)^ 
Dr.c = T^*Dr^c — Ec- Moreovcr, we can write c{TX'^) as (QrecTXr where TXr is 
the puUback of the tangent bundle of X under the r-th projection. Since D^.c are 
disjoint from lAi....Afc, we get 

k 

c(i*TX^) = i*Tr*c{TX^) Y[{1 + i*Ecy~\^\ 

c=l 

where i : Iaj^... — >■ is the embedding. Notice that tt restricts to an embedding 
on 1ai,... .Afc with image Dj Q X C X'-^ where / is the set of all c that for which Ac 
is nontrivial. The following lemma describes i*TX'^ in more detail. 

Lemma 6.3. Let X be a character of G. Then the X-component Vx of the restriction 
ofTX'^ to lAi,...,Afcj identified with Dj ^ can be described as follows. If X = 0, 
then V\ = TDj. If X =/= 0, then there is an exact sequence 



,7*rXiog ^ Va ^ OiD,)^0 



c,Ae = A 

where j is the embedding Dj X and TXiog is the dual to the bundle of log- 
differentials for {X, D). 

Proof. We observe that lAi....,Afc is contained in the intersection of Ec for Ac 7^ 
0, which induces a G-equivariant surjection from the restriction of TX^ to the 
restriction of S)\^^oO{Ec) with the kernel being the restriction of the tangent space 
to Hx^^qEc to lAi,...,Afc- It is easy to see that under the identification of yAi,...,Afc 
with D] the restriction of OEc is isomorphic to 0{Dc) and has character Ac. 

So we now need to investigate the restriction of the tangent space of Ha^^o-Ec 
and its eigenbundles. The A = case is clear, so it is enough to consider the normal 
bundle to lAi,...,Afc in (~^\^^oEc- Locally in the notations of jl^), this bundle is 
isomorphic to the restriction of the tangent bundle of (c*^^'*;-*;, xhc cotangent 
bundle of (^iC*yjk-k -g generated by — so its A-eigenbundle is isomor- 

phic to a bundle generated by which is precisely the bundle of logarithmic 
differential forms. Even though refers to the neighborhood of a point of the 
intersection of dimX divisors Dc, it is clear that the general case is obtained by 
a Cartesian product with a disc and the identification is still valid. It remains to 
notice that this identification behaves well under coordinate changes. □ 



Proof of Theorem 6.1 continues. Lr view of Lemma 3.3, the contribution of (g, h) 



to the orbifold elliptic genus IS 



{Ai,...,Afc},nA,^o£'c/0 c.AcT^O I *^27ri'' c,X^^O ^""^27,1 
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A (^iti + ^(g) - AWT)g(A(ff) - A(/i)r - zU 

0=1 ^(^ + ^(g) - - - ^c^)^)^ 



n 



+ - X,{h)T - |G|(a, + l)^)^(-^)^2,ri(|G|ae+|G|-l)AeW^ 



n 



c,A.=0-(5li-^M-|G|K + l)^) 

where we have used the fact that the coefficients by Ec in the log-pair on X'-^ are 
(|G|ac — |G| — 1) and other divisors do not intersect the fixed point set and are thus 
irrelevant. After observing that the formula gives for the case Dj = 0, the above 
can be rewritten as 

{Ai,... ,\k} 



' ^(it + ^(5) - Xih)T)0iXig) - X{h)T - z) 



X . . . . -2- 



n ^ ^(ii + ^(5) - X{h)T - z)e{X{g) - X{h)r) 



n 



(^itiMti + ^c(ff) - Ae(/i)r - |G|(ae + l)z)e{-z) 
^iti - ^)^(^ + ^c{g) - X,{h)r)0{-\G\{a, + l)z)' 



,27ri|G|(ac+l)Ac(/s)z 



We will use the following lemmas that take into account the specific form of G. 
Lemma 6.4. 



0{^,+X{g)-Xih)r-z) ^ Oj^, - ^z/-^) 

ft{^,+X{g)-Xih)T) ^(B,^) ' 



A 

Proof. First, we observe, that the set of pairs {X{g),X{h)) can be taken to be the 
set of pairs {jj, j) such that 0<n<j — l,0<m<ij — 1 and m = ns mod j. 

Let us check the transformation properties of the left hand side of the equation 
under z ^ z + The exponential factors contribute 

1 n 
exp(27ri- ^ A(/i)) = exp(27ri^ -) = (-1)^'-^ 

* A n=0 

For each n = 0, . . . , j — 1, the set of X{g) is given by the fractional parts of ^ + -|, fc = 

0, . . . ,i — 1. There will be exactly one such fractional part which is less than i. 
The transformation z — > z + 1/i switches these fractions around except for the 
extra 1 for the fraction with A(g) < i. As a result, we get the extra factor (— 
from the numerator, so overall the left hand side of the equation changes sign under 
^ ^ 2; + i, as does the right hand side. 

Now, let us check the transformation properties of the left hand side under 
z z + This variable change amounts to n ^ n + 1, m ^ m + s, which 

moves around the ^s in the numerator, except for the cases when new values of m 
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and n fall out of their prescribed ranges. In the case of m falling out of its range, the 
extra factor required to put it back in is (—1). It is easy to calculate the number of 
such occurrences, because the sum of all m is going to change by ijs which require 
s switches to put into the correct range. So the extra factor from the switches of 
m is (— 1)^. In the case of n, it falls out of the range when it goes from {j — 1) to j. 
In this case we get m = mod j, so X{g) = j, k = 0, . . . ,i — 1. The extra factors 
come from the transformation properties of 9 and equal 

^_ J^y'gIZfc=o(2ii'i(^ + 7-z)-7riT) _ g— Tri+ia;; -27riiz — Triir 

The exponential factors contribute exp(7ri(j' — l)-^^^y^), so the overall factor is 

which is exactly the effect of the transformation z z + ^'^^"T"^-* to the right hand 
side of the equation. 

It is straightforward to check that both sides have no poles and the same zeroes 
as functions of z, therefore their ratio is a holomorphic elliptic function, hence a 
constant. It remains to observe that both sides equal 1 for z = 0. □ 



Lemma 6.5. 

TT diti + Kg) - Kh)r)e{x{g) - \{h)T ~ z) 

Proof. We use the result of Lemma with xi replaced by and the limit of the 
same calculation as — > 0. □ 



Proof of Theorem 6.1 continues. By Lemmas 5.4 and 6.5, we can rewrite Fi 



F — 



( ixi_ _ ■ ir — s \ k 
V27ri i )\ Tl 



( IXi IT — S \ 
27ri ' 1 



n 



n 



If, i^)e{~iz, iip)0'(O)0(i. + A,(<?) - Uh)T - ij{a, + l)z) 



tl - ^)*^'(0, ^)^(^ + Ac(.9) - Xc{h)T)e{-zjia, + l)z) 

We will use the following lemma. 
Lemma 6.6. 

{u + A(,) - Xih)r - v)^,^,,,,,^ 0'{0, ^)e{-v)9{^u - |, ^) 



iu + Xig)~X{h)T) 



9'i0)9{-j/-^)9itu/-^) 



Proof. We use the following basic formula which is essentially contained in 
where the right hand side converges for SJ(t) > > 0. 

9{u + z)9'{0) -2,rife« 



2ni9{u)9{z) 



g27ri2g27rifcT * 
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We also recall the description of {X{g), A(ft.)) from Lemma 6.4. Not that the quotient 
depends on the choice of X{g) mod 1 only, so we can assume that X{g) = jj + 
f ,m G Z/iZ. Then, 

6'(u + Xjg) - X{h)T - v) 2niMh)v 
0{u + X{g)-X{h)T) 

-1 j-i e{u-v + f + uf-^T) 



EE 

m— n— 



(u + ^ + ^-^t) 



2Tne{-v) Y^V^ 2,.i^;?P v-r.^,, , ; 



■m— n— 



9'(0) 



' 6''(0) ^ (1 - 6-2^62'^"=*^) (2 _ e^'^'^'ie"^''"'^) 



■E 



27ri6'(-'y) v-^ g27rifeTOg27riUg-27rifejr 



e 3 > ■■ — 



-IB 

"""" ' -2-nivir -Imk^ 

■ e 3 e 1 



^^.iv(i-i) ^(-^)^^(o^ ~ u ~ - f , 



In the above calculations the series are absolutely convergent, as long as 3(t) > 
and 1 > > Then analytic continuation finishes the proof. □ 



Proof of Theorem \6.^ continues. By Lemma 3.6 



we can rewrite 



*>i:S /, 11 V a( ixi ir-s \ /II 



i^' ^) ^ ^(ft - + 1)Z, 

We notice that when we calculate J^, we only pick up the polynomials of degree 
dimX in xi and Dc, which allows us to conclude that 

ZT — S 

F,j- ,(z, r) = D; iz, ——). 

We now recall that the contribution of the commuting pair of elements g,h ^ 5„ to 
orbifold elliptic genus of (X",!?'^"-') is ^ times the product of several Fij^s, each 
one corresponding to an orbit of the action of (g, ft,) on {1, . . . , n}. Every such orbit 
Im will have im, jm and s,„ G Z/jmZ uniquely specified. So we have 

n>0 n>0 gh—hg,g,hGSn Im 
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In this calculation we have used the fact that for n = J2i there are 



ways to split {!,... ,n} into groups of subsets so that there r{i,j) subsets of "type 
{i,jy^- Then for each set of type there are different ways to define the 
action of the g and h conjugate to the standard action we have discussed earlier. 
We now conclude that 

^p"i??/(X"/5„,C(")/^„;z,r) =exp(^ '^^i^,,-,(z,r)) 

n>0 i,j>0 s=0 

= exp( E E jrElliX, D- iz, ^^)) 



i-1 



exp(E c(mj,/)^/q™) 



ij>0 



= n n °^pW"^J' ^) E T^'''^™^ 

m,/ z>0 



= n n ^M-c{mj, I) ln(l - p'y'g™)) - H Il^l " P'y'?")"^^"^''^ 
which finishes the proof. □ 

Corollary 6.7. Let X he a complex projective surface and X*-"-* be the Hilbert 
scheme of subschemes of X of length n. iet ^ c(to, be the elliptic genus 

of X . Then 



E p"Eiiix(-^; ^) = n n n — ^ 



n>0 



=ii.m ^ -P y y ; 



Proof. By Theorem 5.3, the orbifold elliptic genus of the symmetric power X"/Sn 
equals the elliptic genus of its crepant resolution, which is provided by X^"^^ in the 
surface case. □ 



Remark 6.8. As a corollary of our work we easily deduce the analog of DMVV 
conjecture for wreath products, see |^ . 
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7. Open questions 

In this section we mention possible directions in which the results of this paper 
could be extended. 

The biggest drawback of our technique is that it does not establish elliptic genus 
of a Kawamata log-terminal pair as a graded dimension of some natural vector 
space. In the smooth non-equivariant case such description is provided by (^. Even 
more interesting is the description of the elliptic genus as the graded dimension of 
the vertex algebra which is the cohomology of the chiral de Rham complex of , 
see [|. This is still open even in the non-equivariant case. This would be very 
interesting even in at g = level, since it may give a vector space that realizes the 
stringy Hodge numbers of a singular variety X. 

It would be also interesting to try to somehow extend the results of this paper 
to more general orbifolds (smooth stacks). The definition of orbifold elliptic genus 
(no divisor) was extended to this generality in . While our paper focuses on the 
global quotient case, it is possible that its techniques may still apply to the case 
of an algebraic variety with at most quotient singularities. Indeed, the toroidal 
techniques are in some sense local. In a related remark, we do believe that the 
analog of our main theorem holds for the orbifold elliptic classes of (X, E, G) and 
(X/Gi, E/Gi, G/Gi) where G is an arbitrary normal subgroup of G. 

The birational properties of elliptic genus of mean that it is preserved under 
if -equivalence (cf. j2^,[0). It is conjectured in that iiT-equivalent varieties 
have equivalent derived categories. It is therefore points to a possible connection 
between elliptic classes and derived categories. It is however more likely that both 
objects are a part of a bigger structure of a conformal field theory which somehow 
behaves well under if-equivalence. This is largely speculative at this point, but it 
would be interesting to define mathematically an invariant of a variety which would 
encompass both its derived category and its elliptic genus. The situation is even 
more murky for Kawamata log-terminal pairs, since it is unclear what the correct 
definition of the derived category of the pair may be. 

A mirror symmetric analog of a resolution of singularities is a deformation to a 
smooth variety. Unfortunately, this theory is not nearly as developed as the theory 
of birational morphisms. It would be interesting to define an analog of a crepant 
resolution in this setting and to try to check the invariance of the elliptic genus. 

It is known that elliptic genus for smooth manifolds has a rigidity property. Re- 
cently, this property has been extended to the orbifold case in Q . It is reasonable 
to try to extend this property to the case of Kawamata log-terminal pairs. It is 
possible that the framework of pairs that consist of an orbifold and an equivariant 
bundle over it, see will be useful. 

It would be also interesting to see how the orbifold elliptic class of a singular 
variety X compares to the Mather chern class of X, see for example 

8. Appendix. Assorted toric lemmas 

In this appendix we collect several combinatorial statements which are useful in 
our study of toroidal morphisms. 

Lemma 8.1. Let Yi he a simplieial fan in the first orthant of a lattice N = (^{Lci. 
Moreover, let N he a suhlattice of N of finite index. We denote the quotient group 
N/N hy G. We further assume that each cone G of T, is generated hy a part of a 
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basis of N. We denote by Xi the linear functions on Nc that are dual to e^. For 

each cone C of maximum dimension we denote by {xi-c} the linear combinations 
of Xi which are dual to the generators of C. Let a be a linear function on N which 
takes values a, on ej and values Oi-c on the generators of C. Then 

where gi-c o-'nd h^c denote rational numbers in the range [0, 1) that are fractional 
parts of the coordinates of the lifts of g and h to N in the basis of C. 

Proof. We will argue by induction on rkA'', with vkN = being the trivial base of 
induction. 

Let's study transformation properties of both sides of the equation under the 
translations x^ ^ x^ + 27ri and Xi — > a;i + 27riT. Under the transformation Xi 
Xi + 27ri the term of the sum that correspond to C,g,h changes into the term that 
corresponds to C, + e\,h. Indeed, the coefficients of ei in the basis of the cone C 
are the same as the coefficients of x\ in the linear functions Xi-c- As a result, both 
sides of the equation arc imchangcd under xi — > xi+27ri. Under the transformation 
xi ^ xi + 27riT the term that corresponds to C, g, h changes into the term that 
corresponds to C,g,h — ei times e^'^'"^ . Indeed, the extra factor comes from the 
exponential terms since oi is the difference between the value of a on h and h — ei. 
We also observe that the terms of the product are such that any lift of h to N gives 
the same value, so the fact that some of the coefficients of /i — ei in the basis of C 
are not in [0, 1) is not a problem. Clearly, the right hand side of the equation has 
the same transformation properties. 

We will now show that the left hand side of the equation of the lemma has 
only simple poles at xi = 27ri(Z + Zt), considered as a function of xi with fixed 
generic values of other parameters. By the above transformation argument, it is 
enough to show there are no poles at the solutions to linear equations on xi given 
by Xi-c = 0. We only need to worry about such Xi-c that define a non-coordinate 
hyperplane which corresponds to some cone C of dimension rkA^ — 1 in the interior 
of the first orthant. This cone C is contained in two cones C and C of maximum 
dimension and we argue that the contributions of these cones to the singular part 
of the Laurent expansion around Xi-c = cancel. Let vi,... ,VrkN-i,v be the 
generators of C and vi, . . . , UrkAr-i, v' be the generators of C It is easy to see that 
v + v' = Yli^~^ '^i'^i for some integer Cj and 

Xi-c = Xi-c + CiXrkN;C, 1 < « < rkAT - 1; XrkJV;C = -a;rkAr;C'- 

There are similar transformation formulas for gi-c and hi-c- The poles at XrkN;C = 
can be of order at most 1, and they can only occur in the case grkN-.c = h^kN-.c = 
gikN;C' = hrkN;C' =0. As a rcsult, wc Only need to calculate the residue at this 
pole. The residue of the term that corresponds to C, g, h is equal to 

_ 1 ^'fr ' 0'mm+9i;C-hcT-ai,c) ..ia,...,.. 
c fi '^TTiei^ + gt.c - hi,cT)e{-ai.,c) 
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where c is the coefficient of xi in x,-\.j^-c and cancels the residue of the term that 
corresponds to C, h. 

By a standard argument from the theory of eUiptic functions we conclude that the 
left hand side of the equation of the lemma has simple zeros at xi = 27ri(ai+Z+ZT) 
and at no other points. Moreover, the ratio of the two sides of the equation is 
independent of xi. It is therefore enough to verify that the residues at xi = of 
both sides are same. Only the terms with cones C that have a face C of dimension 
rkA^ — 1 that lies in the side of the orthant spanned by e>i can contribute to the 
residue. We will denote the generator of C that does not lie in C by ei. The residue 
occurs only for gi-c = hi-c = and then it equals 

1 TT + g.C? - her ~ a,g) 

where c is the coefficient of xi in xi-c- Here we have observed that Xi^c restricts 
to Xj.p on xi = 0, and similarly for gi-c and hi-c- If the intersection of N and N 
with the span of e>i are lattices A'^i and A'^i respectively, then 

_ \Ni : Ni\ 
|iV : iV| ' 

It remains to apply the induction hypothesis to the fan Si induced by E on the 
span of e>i. □ 



Lemma 8.2. Let T, be a simplicial fan in the first orthant of a lattice N — ®.{Lei. 
Moreover, let N be a sublattice of N of finite index. We further assume that each 
cone C of Yi is generated by a part of a basis of N . We denote by Xi the linear 
functions on Nc that are dual to . For each cone C of maximum dimension we 
denote by {xi-c} the linear combinations of Xi which are dual to the generators of 
C. Then 

5Z -prrkAf ~ 1^ ■ ^1 T-rrkAf ■ 

CeS,diinC=ikJV lli=l \.\.i=l 

Proof. By Lemma |8.l| , 

TT ^'(O)^(^l^ + 9^■,C - h-CT - ai;c) 27ria..ch..c 

iV 2n\9C-^ + g^.c - h,.cT)ei-a^.c) 



2^i0(f|)0(-a,). 



It remains to look at the coefficient by e '^^^ in the Laurent expansion of both sides 
around e = 0. □ 



Example 8.3. In the case of Figure |^ the identity of Lemma 8^ is 



1 1 13 



X2{^^^^) (222^)(22;i^) a;i(£2^) X1X2' 
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Lemma 8.4. Let T, be a simplicial fan in a lattice N such that the union of all of 
its cones is a product of a subspace and a positive orthant. In addition, we assume 
that all maximum- dimensional cones of H are generated by a basis of N . Then 

1 



CeS,dimC=rk7V lli=l ^i;C 







where Xi-c denote the basis of linear forms dual to the lattice generators of C . 



Proof. By Lemma B.2, applied to the case N = N , the function is additive 



on S, so we can replace S by any of its subdivision with the same properties. After 
an appropriate subdivision, we can assume that each cone of E sits in one of the 
orthants and the support of S is ©i^/M>oei + ©ig/Mei for some basis {e;} and some 



nonempty set /. Then we apply Lemma p.2| again to show that 

X! T-rrkW = X! n^T^IlT" 

CeS,dimC=rkAf 1L=1 -^^C" {ai}e{l.-l}' iel * * 



[9 

[lo: 
[11 

[12; 

[13; 

[14 

[is: 

[16; 
[17; 

[is; 



= 0. 

□ 
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